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WAVE TRANSFORMATION IN A MEDIUM WITtI RANDOM INHOMOGENEITIES 
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The effect of wave t r a n s f o r m a t i o n  in a weakly i r -  
r egu l a r  med ium cons is t s  in the following. Suppose 
that two kinds of coupled osc i l l a t ion  a r e  poss ib le ,  h 1 
and h2, desc r ibed  by the equations 

dehl 
d~ § kls (x) hi = ~ (x) hs, 

d~h2 
d~* § kss (x) h~ ---- ~ (x) h i .  (1) 

Here  x is the i r r e g u l a r i t y  p a r a m e t e r .  In a un i form 
med ium we may  pass  to n o r m a l  osc i l l a t ions  Hi , r :  

d~Hi, 2 SH 0 
dx~ -~ ql,s 1, s ~  , 

where  the wave vec to r s  ql, 2 of the n o r m a l  osc i l l a t ions  
a r e  de t e rmined  f rom the equations 

r e s e n t e d  in the fo rm 

H = A1Hi + + A sHs*, 

for some  values  of x to the left of the t r a n s f o r m a t i o n  
region .  

On the r ight  of the t r a n s f o r m a t i o n  reg ion  the so lu -  
t ion has the form 

H ---- Al*Hi + ~ As*Hs +. 

Here  the re l a t ion  be tween (AI*,A2*) and (A1,A 2) 
is d e t e r m i n e d  by the equation [8] 

( A i * ~  ( ie~*cosa s i n a  ) (  A t ) ,  

A2*]- - - - \  s ina  ie - i '~cesal  ~ A s  

ql,~ = ~/~ (k~ ~ + ks ~) + V ~/~ (k ?  - ks*) s + J . 

In a weakly i r r e g u l a r  med ium,  when kl,  z and a a re  
"slowly va ry ing"  funct ions  of the coord ina tes  

~d----(ln qi, s ) ~ q i ,  s ; (3) 

the " q u a s i - n o r m a l "  osc i l l a t ions  

1 i s(x') dx'} H I , ~  ] / ~ , s  exp {• i ql, (4) 

a re  approximate  solut ions  of (1), where  ql~ a re  de-  
t e r m i n e d  f rom Eq. (2) as before .  

In certain areas, and, in particular, in the neighborhood on the 
points where ql = q2, solutions of the type (4) become invalid. In pass- 
ing through resonance regions of this type the amplitudes of the quasi- 
normal oscillations suffer a discontinuous change compared with their 
initial values (the Stokes' phenomenon) and there is a redistribution of 
energy between the quasi-normal modes of oscillation. The term "wave 
transformation" will be used to describe just this phenomenon, and the 
resonance points where qi = q2 will be called transformation points. 
The phenomenon of wave transformation in a weaklynonhomogeneom 
medium has been fairly well stud led in connection with various problems 
in astrophysics [1-3]and plasma heating [4-6], As a formal basis for cal- 
culating the transformation coefficients we may use the method devel- 
oped by Stueckelberg [7] for the system of equations (1) consist ing of match- 
ing the asymptotic solutions (4) in passing through the neighborhood of 
a transformation point. 

When the wave traverses a sufficiently large volume of plasma, the 
number of transformation points may be large. Their distribution may 
naturally be taken to be random and given in the form of some random 
function of the coordinate. The question arises of describing the kinet- 
ics of waves in a medium with randomly placed transformation points. 
The problem bears a formalsimilarity to a system of coupled oscillators 
passing through resonances at random moments in time. A method of 
solving problems of this type is developed below. 

We shal l  c o m m e n c e  by cons ide r ing  a s ing le  t r a n s -  
fo rmat ion  event.  Let the solut ion of Eq. (1) be  r e p -  

Here  the in tegra l  in 6 is taken along a contour  en -  
c los ing  two complex conjugate t r a n s f o r m a t i o n  points ;  
~0 is the phase  which is known and is not  impor tan t  in 
what follows. Each t r a n s f o r m a t i o n  event may  be  r e -  
garded  as a wave "co l l i s ion ,"  and the t r a n s i t i o n  m a -  
t r ix  f rom (A1,A2) to (A~*,A2*) as the co l l i s ion  o p e r -  
ator .  

The t r a n s i t i o n  m a t r i x  for s u c c e s s i v e  co l l i s ions  has 
the fo rm 

M = ( ie~+~s' cos a elS,sin a 
\ e is1 sin a ie -iv~iS2 cos a ]  ' 

S l =  f qi ( " d ' , x )  x ,  S s - = j q s ( x ' ) d x ' .  (6) 

Here  the in teg ra l s  in S1,2 a r e  taken between the 
two c loses t  t r a n s f o r m a t i o n  points .  In o r de r  to avoid 
the pos s ib i l i t y  of t r a n s f o r m a t i o n  reg ions  over lapping,  
we confine ou r se lves  to the ease  of compara t ive ly  i n -  
f requent  co l l i s ions  and r e q u i r e  that 

lql.s ~ i ,  (7) 

where  l is the mean  d i s t ance  between t r a n s f o r m a t i o n  
points .  Inequal i ty  (7) leads ,  in p a r t i c u l a r ,  to the fact 
that the phase  advances  S t and S 2 in ( 6 ) a r e  l a r g e a n d  
so the phase  (p may  be  neglected.  

We shall(Ai(0),now a s s u m e  that the vec tor  A0 with c o m -  
ponents  A~ (~  is given at some  in i t ia l  point  x0, 
and in the path s egmen t  to x the wave exper iences  n 
co l l i s ions  (passes  through v t r a n s f o r m a t i o n  points).  
Then the vec tor  An  may  be r e p r e s e n t e d  in the fol low- 
ing fo rm at points  x: 

A .  (x) = ~ . - ~ . - 1  " "  ~ l A 0  (x0). 

Here  Mk = Mk(Xk-l,Xk) and is d e t e r m i n e d  f rom f o r -  
mu la  (6), where  x k is a t r a n s f o r m a t i o n  point ,  a l l  p a r a m -  
e t e r s  depend on the n u m b e r  k, and the i n t eg ra l s  in 
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• k )  2 a r e  ca lcula ted  on the a rc  between Xk_ 1 and x k. 
The p rob lem cons is t s  in de t e rmin ing  the mean  values  
of ~ A{x)) averaged over  al l  poss ib le  configurat ions  
of t r a n s f o r m a t i o n  point  d ispos i t ions  on (x0,x). We 
shal l  take the t r a n s f o r m a t i o n  points  to be  d i s t r ibu ted  
accord ing  to a Poisson  d i s t r ibu t ion ,  and the quanti ty 
a to be constant  for the moment  (the r e s t r i c t i o n  on a 
wil l  be  r emoved  later) .  This  means  that the p r o b a -  
b i l i t y  of a t r a n s f o r m a t i o n  point occur ing  in an e lement  
dx is l - i  dx. 

We shal l  cons ider  the sys t em 

dUdx -- iqlU - -  i ~ 6 ( x - -  x~) ( aV---~-  
k 

dV 

k 

where  x k a r e  t r a n s f o r m a t i o n  points ,  It is not difficult  
to es tab l i sh  that the t r a n s i t i o n  m a t r i x  of solut ions  of 
s y s t e m  (8) between two s u c c e s s i v e  t r a n s f o r m a t i o n  
points  is  ident ical  with (6) if we se t  

u = V-gn , v = VU Hs. (9) 

It follows f rom (9) that  the squa re  of the ampli tudes  
U, V coincide with the effects of the H 1- and H2-os-  
c i l l a t ions ,  r e spec t ive ly ,  and the p rob lem of ave rag ing  
the solut ions of s y s t e m  (1) may  be  rep laced  by the 
equivalent  p rob lem of averag ing  the solut ions  of s y s -  
t em (8), 

We now in t roduce  the d i s t r ibu t ion  function f (x ,  U1, 
U2, Vi, V2), where 

U i = ReU, U 2 = Im U, V 1 = ReV, 

V s =  Im V I l d U i d U ~ d V l d V 2 = i "  

The k ine t ic  equation f o r f  may be  obtained in the 
usual  m a n n e r  (see, for  example ,  [9]) 

Ox o'-L - -  qlU2 ~ -{- qlU1 ~--~2 

- -  qsVs O/ O/ = S* + q~V~ ~ {I} (i 0) 

where  the col l is ion t e r m  has the fo rm 

{/} = ~- it (x, U~*, Us*, Vl*, Vs*) - -  I1, S* 

l =/(x, Ui, U~, Vi, V~). (II) 

The coordinates UI, 2*, VI, z* are determined from 
the condition that they take the values UI, 2, VI, 2 as 
a result of a collision. Equations (10), (ii) have the 
form of an ordinary Kolmogorov-Feller equation for 
a discontinuous random process. From system (8), 
or from (5) and (9), we have 

Ul* = U2 cos a + Vi sin a, 

U~,* = --UIOOS a -~- V 2 sin a, 

Vx* = U1 sin a + V~ cos a, 

Vs* = U~ sin a - -  V1 eos a .  (12) 

The quant i ty  

I = [ U l s + l V l ~ = q l t H l t 2 + q ~ [ H s [  ~ (13) 

is invar ian t  under  the t r a n s f o r m a t i o n  of (12) as well  
as of (5) and (6), and is the total  effect of a sy s t em of 
two osc i l la t ions .  The effect of the col l i s ions  cons is t s  
of r ed i s t r ibu t ing  the adiabat ic  i n v a r i a n t s  of each o s -  
ci l lat ion.  

Equations (10), (11) allow us to ca lcula te  any m o -  
merit of the d i s t r ibu t ion  function f .  It is of physica l  
i n t e r e s t  to ca lcu la te  the ave rage  values  of the ad ia -  
ba t ic  invar ian t s  for each type of osc i l la t ion ,  i. e . ,  in 
accordance  with (13), the averages  ~ i V [2 >, ( [ VI~ }. 
Mult iplying (10) in tu rn  by UI 2, U22, U1U2, V1 ~. . .  and 

in tegra t ing  over  the en t i r e  phase space we obtain 

d <I1> sin ~ a ~ <[2> + 
d~ = - -  --7-- <ID + <I~1>, 

sin 2a . . . .  d<l~>dx --- sin~al-- ( I 1 ) - -  _ _ s i  a <[s>---""-['~(lzl), 

d <lls> 
dx = (qs-- ql) <I~>, 

d <I~D I " s in2a. i  " 
dx = - -  ( q ~ - q l ) <  l ~ > - - ~  1>+ 

sin2a _- _ 2 sin~ a "I + ~ <&>-- --T-< ~i>, I~ = U l S +  U~ 2, 

I~ = Vi ~ + Vs ~, ITis = UiV i + U2V 2 = Re UV, 

I21 = U1Vs -- U~Va = --  ImUV. (i4) 

We may  find the s t eady- s t a t e  solut ion f rom (14) 
and (13): 

<Ii> = <I2> = '/21, <Ii~> = <[=1> ----- 0. (15) 

The r e s u l t  (15) means  in p a r t i c u l a r  that if an o s -  
c i l la t ion  with a given value  of I only is excited at the 
p l a s m a  boundary ,  then on pass ing  through a suf f i -  
c ient ly  wide layer  the second osc i l la t ion  is a roused  to 
a cons ide rab le  extent. 

We now d e s c r i b e  the p roces s  of approaching  equi -  
l ib r ium.  We look for a solut ion of s y s t e m  (14) in the 
fo rm - e  • The equation for ~ is 

sin ~ a s sin ~ a 
•  + [4--5-- q- <ql-- q2)~] • + 

sin 2 a 
+ 2 (q~ - -  q2) ~ ---7--- ---- 0. (16) 

Of the th ree  roots  of Eq. (16) one is negat ive  and 
two a r e  complex conjugates  with negat ive  r e a l  pa r t s .  

The re laxa t ion  length is d e t e r m i n e d  by the root  
>t o for which [Re n 0 [ is a m i n i m u m .  We s h a l l w r i t e  
out the va lues  of n 0 for some l imi t ing  ca se s :  

• ~ - -  1/lo, lo I ql - -  q2 I ~  I,  lo = l/4 sin S a,  

xo~-- l]s(ql - -q2)*lo;  l o l q ~ - - q ~ I < f .  (t7) 

In view of the condition that col l i s ions  be infrequent  
(7), the second case  can occur  only for  suff ic ient ly  
sma l l  values  of (ql - q2). 

Now if the col l i s ion p a r a m e t e r  a is taken to b e r a n -  
dom with a d i s t r ibu t ion  funct ion w(a), 

Iw(a)da  = l 

then the col l i s ion t e r m  8*{f  } in Eq. (10)is  r e p l a o e d b y  

(<S* {/})) = I w (a) S* {l (a)} da . 
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S i m i l a r l y  sinZa in Eq. (16) m u s t  b e  r e p l a c e d  by  

((sin~a>~ --~ I w(a) sin~ada" 

In conclusion we make two observations. The first is connected with 
the fact that we have treated only the transformation points ql = c~. 
However, there exist other singular points in the solutions of (4), for 
example at points where ql, z = 0. It has been shown in [10] that points 
of this type lead to a general increase in the mean of the adiabatic in- 
variant I of the whole system. The treatment given above assumes, of 
course, that transformations such as (5) will have the most important 
effects. Secondly, we note that the method presented above may be 
simply extended to an arbitrary number of coupled oscillations. 
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